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Introduction
We will study the first order nonlinear neutral delay (H) There are a piecewise continuous functions

differential equation in this work. , .
pi o) =R =[0,x), ge C(R.R7)

(xlt) - glt)alt - o)) + flt.alr(t)) =0, 21, (1) and a number £ > 0 such that
where (f) gis nondecreasing on R
. o . (i) g(-u) = glu), limg(u) =1,
7€ (.0 RT). oe(000) 7lt) <t lmrlt)=00, (2 . u=l
t— .
and (1) [.ﬂ (67) du< o,
noi o
an — a8 n— o (3) (i) I%W' u)—pt)u) < plt)g(u) fort > fyand 0 < |u] <,
=1 1) (v) For each ¢ € C'([ty, 0] , R) with lim o (t) >0,
f—oo
feCltyx) xR.R), uf(tu)>0, glt]#1 (4) - -
In eonnection with the nonlinear function f{£,u) in (1) we suppose that the / fltg(r(t) dt = oo, [ flt=p(r(t)))dt = —oe.
following assumption (H) holds : W W
Receivee Octaber 10, 2005. Revised January 16, 2006, *Carresponding author A solution z t) of equation (1) is said to be oscillatory if it has arbitrarily large
(©) 2006 Korean Society for Computational & Applied Mathematics and Korean SIGCAM. 26108 0N [f(?- )CJ . Otherwise it 18 l](]l](]h')('i“iltill'.\' and the {!{II&IH()I] [1] s called

El oscillatory if every solution of this equation is oscillatory.
When ¢(t] = 0, Eq.({1) reduees to the equation

7 {t)+f(tz(r(t) =0,
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which has been studied recently by Tang and Shen [32]. The oscillato
havior of various other neutral delay differential equations have been it
gated by many authors. For contributions we refer the reader to the p
[1-3, 6-12, 14-27, 20— 3], and references cited therein.

Also, in a recent papers Elabhasy and Saker [6], Kubiaczyk and Saker [1'
their references obtained an infinite integral conditions for oscillation of the
neutral delay differential equation

(¢(t) ~qlt)z(t- ) +plt)z(t-1) =0,

Our aim in this paper is to extend the results in [T, 18] and provide som
finite and infinite integral sufficient conditions for the oscillation of all sol
of (1). Some examples that are illustrating onr main results are given,

The following notations will be used throughout this paper,

§()=max{r(t):tg<s<tand 67 (t) =min{s > ty:6(s) = t}.
Clearly, § and 6" are nondecreasing and satisfy

(A) 6(t)<t and 671 (1) >t

(B)d(671(t)) =t and 67P(8(t)) £t.

Let 8 (t) be defined on [ty, 50) by

FE @G =5 (5 ), k=12,

Also, we use the sequence {pi} of functions defined as follows:
6(t)
pls)ds, t=tg,

t
6(t)

Pear (t) = jp{s}pk{s}ds, t=ty k=12..
‘

plt) =

In what follows, when we write a functional inequality we will mean
holds for all sufficiently large values of t.

2. Main results

To prove our main results we shall need the following Lemmas.

Lemma 1. Assume that (2), (3) and (4) hald, let z (t) be an eventually |
solution of (1) and set

(t)=z(t)-q(t)z(t-a).

Then = (t) is eventually nonincreasing positive function,

Proof. From (1), (4), we have 2 (f) = —f(t.z ( (£)) < 0 eventually. W
that z(f) is a positive function. If not, then there exist T > tg and a <
that z(f) < afor t 2 T. Then from (), we have

zlt) <atq(t)z(t-a),
which implies that
rlt+a)<atq(t+a)z(t).
Now we choose k such that t = t*+ke > T. Then z (tps) < a+q(tis)
Applying this inequality by induction it gives

ISSN:0976-0172

Journal of Bioscience And Technology
www.jbstonline.com

non-i

slt)<a i+ Y Jolh- +H (t)x(t).

i=k+2j=0 i=k+1
Now define g, and d, by
-1+ZHq = T
i=k+2 =0 i=k+1
and let .
n1 l
Ll
i=l j=1 q{tj}
Then
k41 i
.1‘1—@= 8y ZH gltesr)glt) = 0 asn— o,
n i=l j= I

by condition (3). Using the last inequality, one can see that

lt) < [e' +M

od, = -00 88000,

and this contradicts the assnmption that z (t) > (. Then z(f) must be positive
function. The proof is complete, 0

Note that the proof of Lemma 1 is similar to that of Lemma 1 in 4] and we
state it here for the sake of completeness.

Lemma 2. Assume that (2), (3), (4) and (H) hold, let z(t) be an eventually
positive solution of 1. Then z (t) and = (t) are convergent fo zero monotonically
st =g,

Proof. By Lemma 1 z(t) is a nonincreasing positive function and satisfy the
equation

2 (t)==f(tz(r(t))-

(hoose a f1 > to such that z(f) » 0,
It follows From equations (2), (4) an

T(t) 2ty and 2 (t)<0fort =t
Hence

( )= 0fort =t
d (H) that there exists fy » t; such that

lim z(t) > lim 2(t) = a 2 0 exists.

t—mo t—oc
If o > (), then from (1), we have

i

2(0)-2ltg)= - [ bl () ds.

E1I

It follows from the assumption (H) (v) that Elim z(t) = —n0, which contradicts
that 2(t) being positive. Then Elim z(t) = 0. Since g(t) # 1, we have also
Elim z(t) = 0. Then the proof is complete. o
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Lemma 3. Assume that (2), (3), (4) and (H) hald. I[f 2(t) is a nonoscillatory
solution of equation (1), there ezist A » 0, £ > 0 and T & (0,00) such that for
(>T
t
1
|z () < Aexp —E/p{.?] ds | +e. (7
T

Proof. We shall assume z(t) to be eventually positive [if z(t) is eventually
negative the proof is similar]. By Lemma 2, there exists ; > 0 such that

ﬂ{x(T(f}) gy fort 21y

From (H), we find that for t > f;
[(talr (0) 2 p(t)[L- g (= (r (1)) 2(r (£),

and Elim 2 () = 0. By assumption (H), there exists T > t; such that for t > T

—00

e )2 5900 0) 2 50200,

and it follows from (1) that for t > T

(el)-steli-) + pl0a(0 <0,

and

P

£+ 0:0)<0,
where z(t) =z (t) - q(t) £(t - 7). This yields fort > T

¢
1
z(t) < Aexp —5/1)(.?]413 .
T

and
t

1
|z(t)] = Aexp —Ejp{s]ds te,
T
where A =1(T) - ¢(T)z(T - a). The proof is complete.

Lemma 4. Assume that (2), (3), (4) and (H) hold. If equation (1)
nonoscillatory solution, then eventually
t

/ pls)ds<?2 and p(t) <25, k=12..
T(t)
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Proof. Let us suppose that z(t) is a nonoscillatory solution of equation (1)
which we shall assume to be eventually positive fif 2(t) is eventually negative
the proof is similar|. By Lemma 2, there exists T > 0 such that

o(r(t)) z2(t) =0 fort=T,

() -4(0)2(1-1) + () <0,

and

!

z {l)+%p{t)z{7{i)) <0 fort>T. (9)

Integrating both sides from 7 (f) to  yields that
i
:{t)—z[1’{i))+—/p(s)z{7{s]]ds <0 fort=T
w(t)
By the decreasing nature of 2({) for large # and the increasing nature of 7 (f),

there exists Ty > T such that
i

z(t) - z2(r(t)) + %z(‘r{t)] fp{s]ds <0 fort =Ty
(1)
Then, we have

t

fp{s}ds <2

(1)

Also, Integrating both sides of equation (9) from ¢ to 67" (¢) vields
Il
(67 (1) —:{f)+% / pls)z(r(s))ds<0 fort =T

t

By the decreasing nature of z(f) for large # and the increasing nature of 7 (f),
there exists Ty > T such that

1y
/p{s}dﬁ z(r (87 8)) <0 fort 2 T,

—

(7 (0) - =(0)+

[y |

ar
i)

:(H}'l{t))—z[th% /p{s}ds :(f) €0 fort > T

t
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Then, we have

By iteration we deduce from this that
nlt) <2,
which shows that (8) holds for t > Ty. The proof of Lemma 4is complete. [

Lemma 5. Assume that (2), (3), (4) and (H) hold, and that
e

el-l.n:é inf / ple)ds = 0. (10)
(t)
2(r(t))
z(f)

If z(t) is a nanoscillatory solution of equation (1), then , iwhich s well

defined for large t, is bounded.

Proof. Let us suppose that z(t) is a nonoscillatory solntion of equation (1) which
we shall assume to be eventually positive [if 2(t) is eventually negative the proof
is similar|. By the same argument as in the proof of Lemma 3, there exists
T =0, such that

() zz(t) >0 fort 2T,

[ﬂn-qm;u-@f+%ﬂn;ﬁgngu
and
2 )+ %p{t)z{r{l)) <0 fort:T

The rest of the proof s similar to that of Lemma 5 in [24] respectively, and hence
is omitted. a

Theorem 1. In addition to the assumptions (2), (3), (4) and (H)
assume that
:

1
ilim inf [ P(s)ds = -
7(t)

or
t

tlim sup / P(s)ds =1,
(t)
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where P(t) = (1-¢)p(t). Then every solution of Ey. (1) oscillates.

Proof. Let us suppose that z(f) is a nonoscillatory solution of equation (1)
which we shall assume to be eventually positive [if 2(t) is eventually negative
the proof is similar). By Lemma 2, there exists t; > 0 such that

D<x(r(t) <gp fort 2t
From (H), we find that for t > £,
f(ta(r (1) 2 p(O1- 9(a r ()2 ),
and Elim z(t) = 0. By assumption (H), there exists T > f; such that for ¢ = T

flta(r () 2 (L-eplt)z(r(t)).
and it follows from (1) that for t > T

1

(z(t)-q(t)z(t-0)) +(1-e)p(t)z(r (1) <0,

and

£ () +P(B)2(r(1) <O. (13
But, then by Corollary 3.2.2 [11] the delay differential equation

2 ()4 P{H)z(r (1) =0, (14)

has an eventually positive solution as well. It is also well known that (11) or
(12) implies (14) has no eventually positive solution (see, [11] Theorem 3.4.3).
This contradiction completes the proof.

Remark 1. It is clear that every solution of (1) oscillates if (14) has no even-
tually positive solutions.

It is clear that there is a gap between (11) and (12) for the oscillation of all
solutions of (1). The problem how to fill this gap for the equation (1) when the
limit

does not exist needs to be considered. This problem has been cleared for the
linesr Eq. (14). Let the numbers k and { be defined by
t t

k=flim inf f Pls)ds, [ = Elim sup f Pls)ds, .
] Y

1
Ik<m 1<l
£
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and ) is the smallest root of the equation A = ¢*. Then Fq. (14) will be
oscillatory if either of the following conditions s satisfied:

6 s 1
©) i>l—1_k_2ﬂ. 34
©) :>1*!nk—l'k'“;:§F:F. 14
0y 1>2k+§—1. 1
(Cs) f>Etli§3E@§, k)
G 0> %(H:}) — "

Remark 2. Theorem | implies that Eq. (1) will also be oscillatory if either of
the eanditions () - (Cg) s satisfied.

In the following theorems we present new infinite integral sufficient conditions
for the oscillation of all solutions of (1)

Theorem 2. Assume that (2), (3), (4], (10) ond (H) hold, and suppose that
there exists a posifive integer n such that

]p{f}ln{pn(thl}:ﬁ:m. (13)
1

Then every solution of (1) oscillates.

Proof. Assume that (1) has a nonoscillatory solution 2 (£) which will be assumed
to be eventually positive (if 2 (f) is eventually negative the proof is similar). By

Lemma 2 and assumption (H), there exists £} > f such that

O<a(t)<z(@(t) <z(r(t) <z, glz(r(t) <1,
where g is given by assumption (H). (16) and (H) yield that for ¢ > t;.

Fltx(r @) 2p()[1-g e (r(0)]2(r (1) (r (1) 61

t= 1,

zplt)[l-glx

and it follows from (1) that

:’{t]
z(f}

Tt <0, t21.
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By Lemmas | -5, there exist T > t2, 4 » 0, £ > 0 and M > 0 such that for

t=T.

2(7(t)) < Aexp -%/p(s)dﬁ +e, (19)

Then

and from (18) we have for t =1,

t

A0 25 [ Ae)ds-pt)g(z(r 1)

2(t)
iy
[t follows from (19) - (22) that for t > £,
t i)
/\.(f}1_>p{t]expf).(s)ds—Mp{f)g Aexp —%[p(s)ds +e
i) T
¢ t
2 bty (36~ Mpl)g ey -3 [0 .
iff)

where Aj = eA. By the inequality ¢ = ¢ for ¢ > 0, we have for t > t;
t

:
1
f)u{]ds—”p | Ayexp —E/p ds | +e .
it T

Alt) 2 p(t)
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Set
t
alt)=5 o e
T
and
Au(t]=/\{t).,i t=T,
Akl{f)=p(f}/)nk_](s)ds._ tzt, k=120,
i(t)
and
Gy (1) =0, t>T,

+Mp(tg(Ayexpl-alt)) +2). t2 b, k=120

Clearly (10) implies that o (t) is nondecreasing on [T, 00) and a(t) -
t — oo. By iteration we deduce from (24 that

Mt 2 M () = Ge(t), t2tk k=12.n-1,
and so by (23),

i t
Alt) = plt)exp [kn_l{s}ds exp | — | Guoy(s)ds | - Gyt),
i(t) (o)

From (27), one can easily obtain

i (8) - G (1

;
=p(t) f [Gi (5) = Groy ()] ds, t2tpsr, k=12 n— 1
i

By (20), (25) and (27), for t = ty we have

i t
,[Gl (s)ds = pr(s)g{zll exp (—a (s)) +2) ds
i(t) ()
alt)
=M / g(Are™" +¢)du
afd{t))
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alt)
<M ] 9(Ae™ +¢)du
aft)-1
Thus, from (30), we get
:
6at)-Gul) = ) / 6o
i)
alt)
< Mp(t) /g(.ﬂhe'"#-s)du. t2ty,
aft)-1
t
60640 = 1) [ 661
i)
t afs)
_2Mp(t)jp[s) [g(Alﬁ‘"ﬂ)duds
§t) a1
aff) v
= (1) ] /g(.’hf‘.’-"+5)dlldv
a(f(t))e-1
alt) v
<AMp(t) j /g(“im'"ﬂ)dudv
aft)-1e-1
aft)
< dMplt) j oA +e)du, t>ty.
aft)-2

By induction, one can prove in general that for k = 2,3,...n -1,

alt)
alf)
Gr () -G 1) € (2)"'1 (k-2)!Mp(t) j glAe™ +e)du, t2t,
alt)-{k-1)
and so
n-1
Gu—] (t] = E [Gk (t} - Gk—l (f}]
k=1
n-1
<Gt +0p(0) Y. (26) (k-2 (3)
k=1
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alt)
% j glAe™ +e)du, t2 b,
alt)(k-1)
By (20), (21) and (26), we abtain

t

M) =plt) [h{s}d.&i:p{f}ln [%l
ift)
<p(t)lnd, tzt,
¢ ¢
Ja(t)=plt) jh{s] ds 5p(t]lnﬂf]p{s] ds
ift) ilh)
<)M, tzt,
Aﬂl(r} < ()M, t2t, .

Set
! ¢
D(t) = pit)exp [/\m (s)ds | |1-exp —/Gﬂ_l{.s
it i(t)

+Gy(t), t2t,
(ne can easily see that
0<l-e"<e, c20
From, (20), (32), (33), (33) and (34) we have

i i
Dit) < plt)exp /}lﬂ_l (s)ds [(:',1_1 (s)ds+ Gy (t)
ift) ift)
/ t \

t
< Gy (t) +plt)exp T"zlnﬂffp(s)ds
5t

t afs)

n-1
X [(;'1{3}+Mp{s] {?)k_][k—i)! / g(Am““H]dulds
it = als)-{k-1)
alf)
5(?1{t]+2Mp(t]exp({2)“_1lnM) /g(.hﬁ'“-l-s)du

aft)-1
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+Mp(:]exp({2)"'1|nMJ

-l f als)

Y0 k-2 fp(s} f glhe™ +e)duds (%)
k= S alsh-(k-1)

ra

alf)
n-1
5G]{t]+Mlp[t]Z{?)H{k—l}! / g(Ae" +e)du, 24,
k=l alt)k

where My = 2M exp((Z]“'] In M). Let T* » 1, be such that o(T*) > n +
In Ay It follows from (36) and (H) that

= o n-1 oo mfi)
f D)t < [Gﬂr}dtﬂﬂZ{Z]"'l(k—l)! /p{!) f (A dudt
I I =l T aft)-k

n-1 '

Y @ k- / / o (™) duce

k=l of ok
x -1 x
<M / g[.fi]e'“)dui-:ZM]Z(?}Hk! / g(Ae ™) du
ofT") =l o T")=(k41)
x * n-1 *
[ Dt)dt <M / g(e7") du+ 200 E[?}’f“ K j 97 du< .
T 0 k=1 0 (3)

Since

t
plt)exp /)\,l_](s)ds ep —[(In_l(s)ds -G lt)
i) it)

e
=pltjexp jkn_](s)ds -D(t), t2t,
iy
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it follows from (29) that

¢
Alt) 2 p(t)exp [h,t_ﬂs}ds -D(t), tzt,
i)
or
i
pn (t) [ A1 (s)ds | = Dft), {2t
t)

1

Alt) 2 p(t) exp 0]

In(y+1)

One can easily show that £77 > 2 + for all 2 > 0 and 5 = 0,

for t = tn,

Pu(t)A(E) = p(t) | An-1(s)ds 2 p(t)n(pa (t) + 1) - pa () D(2)

iit)
For N = 6= (T*), we have
N N t
fprt{t]/\{t]dt-fj{) An-1(s) dsdt
T VA ()]

Let

Then by interchanging the order of integration, we have

N i (W) L]
plt) | Auoy (s)dsdt = fl,l_l(t} [p(s)dsdt
T ) T t
§(N) t
= [rmt) [rad
T i(1)
N ]
s [retr [ riom
™ t
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£ t
= f plt)me(t) f ey ) d
T it)
Y
> | Mt)pa(t)dt.
|

From this and (39) we have
N N N
] > [pqr)ln(wndr— ]pn(vw(mu. o
N I r

which together with (20) yields

N N N
A)dt > [ p(t)in{py ()4 1)dt = 2* [ D)
m(N) T/ /
ar
W), |
T n
ln{—w}? Tf(t}ln{,l{t]+1}&-lﬂ[t]dt. (4)

I view of (15) and (36), we have
()

7
$ox (V) @
On the other hand, (21) implies that
) ) ) )
2N 2 (V) (V) V)
This contradicts (42) and completes the proof.
Remark 3. From Lemma 3 we have
L) t
llm 1|1fp;r t)< | Hhrn inf fp s)ds < (2 “flim inf | p(s)ds.
i A(t)

As a result, by Theorem 2 we have

Corollary 1. Assume that (2), (3), (4)
positive integer n such that

. and (H) hold, and that there exists a

lim inf p, (f) > 0

t—oo

Then every solution of (1) oscillates.
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